We consider a self-gravitating cosmic string generated by a global vortex solution in general relativity. We investigate the Einstein and field equations of a global vortex in the region of its central line and at a distance from the centre of the order of its width parameter. By combining the two we establish by a limiting process of large Higgs mass the dynamics of a self-gravitating global string. Under our assumptions the presence of gravitation restricts the worldsheet of the global string to be totally geodesic.
I Introduction
It is generally admitted that a cosmic string obeys the Nambu-Goto dynamics in curved background spacetime. Indeed this has been shown for a gauge string embedded in flat space-time [1, 2] in the limit where the range of the massive fields tends to zero. In general relativity, studies of straight cosmic strings [3] establish their self-gravitating nature : they are singular lines whose points are conical singularities. In generalising this for curved self-gravitating cosmic strings several authors stated [4, 5, 6, 7, 8] that they generate totally geodesic worldsheets.
In a recent work [9] a geometrical model of a tube of matter describing a self-gravitating cosmic string showed that it is possible, under a specific constraint, for the world sheet of the central line to obey strictly the NambuGoto dynamics in the limit when its radius goes to zero. The question that naturally arises is what happens for a field theoretical model of matter.
The purpose of this work is to examine in the context of general relativity the dynamics of a self-gravitating string generated by matter, described by a complex scalar field Φ embedded in a "Mexican hat" potential whose Lagrangian is given by
where λ and η are positive coupling constants 1 . In the following we take without loss of generality η = 1 and so √ λ is the Higgs mass. We consider global vortex solutions of (1), because it is the most simple case in vortex field theory, involving only a scalar complex field. 1 We have taken signature (− + ++).
In the Minkowski spacetime, it is well known that global strings present difficulties due to the appearence of a massless Goldstone boson; namely their energy integral µ, integrated over a string section, is logarithmically divergent. To obtain a finite µ, it is necessary to introduce a fixed renormalisation scale ∆ yielding
where µ 0 is the energy integral inside a radius 1/ √ λ. It has been shown [10, 11, 12, 13] that the equation of motion of a global string is the NambuGoto equation corrected by a term resulting from the radiative backreaction (cf. eq. (75) of [14] ). However for large Higgs mass µ(∆) is large and the radiative part is negligeable. It will disappear completely in the limit where λ tends to infinity.
We seek solutions of the coupled Φ-field and the Einstein equations,
where the energy-momentum tensor T µν is derived from Lagrangian (1),
In the present work we confine ourselves to a class of metrics in order to solve equations (2) and (3). We first examine the equations for the central line of the global vortex resulting from the analysis of these equations. This generalises to this class of metrics of curved spacetime the equations that
Ben-Ya'acov [15] has given in flat spacetime for a general vortex solution.
Secondly we examine (2) and (3) at a distance from the centre of the vortex of the order of the width parameter ǫ = 1/ √ λ. We then take the limit of the width parameter ǫ going to zero.
By combining these two approaches we obtain the equation of motion of a global string (to avoid confusion we shall name global string a global vortex with width parameter going to zero). This permits us aside from determining the equations of motion of the global string to expose the validity of the constraint appearing in [9] for an example of realistic matter.
The paper is organised as follows. In Sec. II we review some of the well known facts about cylindrically symmetric global vortex solutions in general relativity [16, 17] . In Sec. III we describe the gravitational and field theoretical model used to describe these curved vortices in general relativity.
In Sec. IV we calculate the equations of motion for the central line of the vortex and we give the consequences of the Einstein equations for the central line of a vortex. We calculate geometrical and matter quantities in Sec. V at a distance of the width parameter ǫ from the central line of the vortex, and by a limiting process we find the equations of motion of a self-gravitating global string in Sec. VI. Finally we give some concluding remarks in Sec.
VII.
II Static, cylindrically symmetric global vortex
In the coordinate system (t, z, l, θ) with l ≥ 0 and 0 ≤ θ ≤ 2π we consider a static metric with cylindrical symmetry with respect to the z-axis and Lorentz invariance with respect to the (t, z)-plane,
We have rescaled the positive functions A and B by the width parameter ǫ.
Regularity of metric (5) at l = 0 imposes initial conditions on the functions A and B which have the following form near l = 0
with α and β constants.
We consider the field and Einstein equations (2), (3) coupled with metric (5). We seek static, cylindrically symmetric vortex solutions to this system of differential equations hence solutions where Φ is in the form
with φ a real function such that
with c and d constants. Expansion (8) is imposed to ensure the regularity of φ at l = 0. For simplicity we have taken the winding number of the vortex Φ equal to 1.
So the functions A, B and φ are solutions of the system of differential equations (2),(3) which can then be written,
Here prime denotes differentiation with respect to the variable l/ǫ. Initial conditions (6) , (8) and (9) imposed along with the system of non-linear differential equations (10), (11) Another important characteristic of the global vortex which will not occupy us here is their singular nature which generates singular global string spacetimes [18, 19] . A recent discussion on the singularity of global strings can be found in [20] . In what follows we shall always stay in proximity of the center of the vortex l = 0 and at a distance of order ǫ from the centre of the vortex, where the solution is well defined.
III The curved vortex model
We generalise the metric given in (5) and the form of the vortex solution (7) in order to permit the curving of the vortex. Let us consider the following class of metrics valid in a neighborhood of l = 0,
where
with indices A, B = 0, 3. The functions A and B denote again the straight vortex solutions for metric (5) . It is also important to note, that we suppose that the smooth functions g † AB (τ A , l, θ) do not depend on the string width parameter ǫ. That is to say that g † AB varies on a scale larger than the string width parameter ǫ. This metric is reminiscent to the smooth cone metric which was introduced in [9] , the difference being that here the functions A and B are determined by the matter via equations (10), (11) and the parameter ǫ is a physical parameter.
We introduce coordinates ρ a , (a = 1, 2) which are well defined at l = 0,
Then metric (12) becomes,
where the components of g ab and their determinant ∧ g are given by the following expression,
where ǫ ac is the totally antisymmetric Levi-Civita symbol, ∧ ( ) stands for the induced geometrical quantities of the 2-dimensional surface τ A =cte and q is a function defined in terms of the straight vortex solution B,
Coordinates ρ a turn out to be geodesic coordinates of the spacetime. For convenience we note ρ a = g ab ρ b which from the form of metric (14) gives
The metric components g AB can be expanded in powers of ρ a in the l = 0 vicinity of the vortex, (16) where (R AbBa ) 0 = R AbBa (τ A , 0). We note by γ AB and K aAB the induced metric and the extrinsic curvature of the worldsheet l = 0 respectively. In fact bearing in mind, the form of function A givenin (6) we get
On the other hand let us again consider U(1) global vortex matter described by a scalar complex field Φ embedded in a vortex potential given by the Lagrangian (1). Here Φ describes a curved vortex solution in the form :
In the above expression φ is the straight vortex solution described in the previous section and ψ is an unknown function, that we add to the definition, which describes the curvature corrections imposed by metric (13) and the long range characteristics of the global vortex.
The closer we are to the central line (or worldsheet) l = 0 the more the vortex Φ resembles the straight vortex φe iθ . It is plausible then to suppose that the correction function ψ is analytic in the vortex interior (l ≤ ǫ) and non null on the central line l = 0. In fact since φ(0) = 0 we can take for
Using definition (19) the dynamical equation of the central line of a general vortex of arbitary shape has been found in the Minkowski spacetime [15] . We shall follow this method to determine the dynamics of a vortex of arbitrary shape embedded in a spacetime described by metric (13) in the next section.
IV Dynamics of the central line of the vortex
Let us consider the Φ-field equation (2), coupled with metric (13) where now Φ is the curved vortex solution given by (19) . We shall calculate the l → 0 limit of equation (2) to obtain the dynamical evolution of the central line of the global vortex.
We know that for l ∼ 0, φ(l/ǫ) has asymptotic behavior given by (8) .
Our vortex solution then becomes,
The d'Alembertian of Φ for metric (13) can be expanded in the following way :
where g * is the determinant of the g AB components. We insert the solution (20) in expression (21) . Taking the Φ-field equation (2) at the l → 0 limit the potential term and the last term in (21) drop out and using (6) the field equation becomes :
By (18) we have that
where K a is the mean curvature of the worldsheet l = 0. By setting
with µ and ν real functions we obtain from (22) the final form of the equation for the centre of the vortex,
We note that the above equation is an exact vortex equation and is identical with that found in [15] for flat spacetime.
Since we are in the presence of gravity we must also consider the Einstein equations for l → 0. Indeed on using (17), (18) and on considering that the functions A and B in (6) are solutions of the straight vortex Einstein equations (11) we obtain the following Einstein equations for l = 0 :
where ( ) * stands for geometrical quantities issued from the metric g AB which in this case are just the induced quantities on the worldsheet l = 0. Let us note that equation (25) gives a relation between the geometry of the worldsheet and the correction function of the field whereas the Einstein equations Indeed constraint equations are also obtained for a curved vortex embedded in the Minkowski spacetime. We remark that the vortex we have considered has no twist since we have omitted cross terms in metric (12) . In this simple case equations (26)- (28) are just the Gauss-Codazzi integrability conditions for flat spacetime (see for example [21, 22] :
where the third equation is identically verified.
V Expansion of geometrical and matter quantities
In the previous section we established the equations of motion (25) obeyed by the centre of the vortex along with constraint equations (26), (27) and (28) for the extrinsic curvature. This was achieved by taking the l → 0 limit of the Φ-field and Einstein equations. It is clear in this case that l/ǫ tends to 0 and so ǫ, the string width parameter, does not interfere in the limit.
In what follows we shall establish an equation of motion for a curved string, that is for a vortex with width parameter ǫ = 1/ √ λ tending to 0. It follows that ǫ must play a leading role in this process. We shall now place ourselves in the vicinity of a conventional vortex boundary by considering that the distance l = l 0 from the central line of the vortex is of the same order as ǫ.
In consequence when we shall vary ǫ, the distance l 0 shall vary in the same way so that :
We shall proceed in the manner of [9] in classifying in powers of ǫ geometrical and matter quantities. It is very important to note that l 0 , ǫ or geodesic coordinates ρ a 0 on the boundary are now of the same order, whereas the polar angle θ remains arbitrary.
Let us first of all remark that the straight vortex solutions are of 0-order in ǫ,
We note that the straight vortex solutions A(l 0 /ǫ), B(l 0 /ǫ), φ(l 0 /ǫ)) are no longer supposed to have the l → 0 asymptotic behavior (6) and (8) because although l varies very little between 0 and l 0 , the functions A, B and φ can vary essentially in this interval.
The metric components given by spacetime (13) are of 0-order,
the same holding for their inverse and the determinant, g = det(g αβ ). We can calculate the non-null Christoffel coefficients for l = l 0 ,
We recall that ( ) * and ∧ ( ) stand for quantities derived from g AB and g ab respectively. Notice also that †-terms are always of zero order in 1/ǫ since we have supposed that they do not depend on ǫ.
We now proceed in calculating the Ricci tensor for l = l 0 . Since this involves the second derivatives of the metric we shall obtain terms up to the second order in 1/ǫ,
Therefore for the capital indices we have,
and
where we have put,
We do not give the explicit form of zero order terms in 1/ǫ since they will not be needed in the following. The cross terms are of zero order in 1/ǫ
Finally for the small case indices we have for l = l 0 :
Let us note that on passing on polar coordinates and using (15) we obtain that the second order Ricci terms are essentially the Ricci tensor components for the straight vortex. Precisely R AB (1/ǫ 2 ) and R ab (1/ǫ 2 ) are just the nonzero components of the Ricci tensor for the straight vortex, multiplied by g † AB and unity respectively. This fact will be important for the next section.
Let us now proceed in the same way in order to classify matter. Our vortex solution Φ| l=l 0 is now written :
and so is of zero order in 1/ǫ. The first and second derivatives of the straight vortex are respectively of first and second order in 1/ǫ,
whereas the derivatives of ψ are of 0-order in 1/ǫ.
We can classify the energy-momentum tensor T αβ given in (4) in powers of 1/ǫ for l = l 0 . We note already that the potential is of order 1/ǫ 2 since λ = 1/ǫ 2 . We have :
So we get
where we have set,
In the same way we have :
where now,
For the mixed indices we have that the energy-momentum tensor is of order
The trace of the energy-momentum tensor is of the form,
with
As for the Φ-field equation we need to calculate the d'Alembertian of Φ for l = l 0 , keeping in mind that the potential term is of order 1/ǫ 2 ,
We shall again be interested in the first two terms of the expansion,
where 2 str. is the d'Alembertian operator of metric (5) and
Note that the function X given in (39) reappears in the Φ-field equation.
VI Equations of motion for the global string
We consider the coupled system of the Φ-field and Einstein equations (2) and (3) for l = l 0 . Let us first examine the Φ-field equation :
We focus our attention to the correction function ψ. As we mentioned in Sec.
III the correction function is supposed analytic for 0 ≤ l ≤ l 0 and so can be expanded around l = 0. This reflects the fact that unlike the straight vortex solution φ, the correction ψ varies on a larger scale so can be evaluated on l = l 0 by its values on 0 just like the metric components g AB in (16) . We have,
where z = ρ 1 + iρ 2 . So the potential term is written,
Introducing (60) in (58) and using (56), the 1/ǫ 2 terms cancel out since they are issued from the straight vortex equations (10) . The Φ-field equation (58) can now be written for l = l 0 ,
On writing the correction function ψ in the form (24) we split up the above equation in its real and imaginary part. We then let ǫ → 0 and inputing the mean curvature by formula (23) we obtain
By making use of equation (25), equation (63) gives :
which is valid for all ρ a 0 /l 0 , hence
Inserting the above in (62) we find in the same way that
So in the limiting case of a string where ǫ → 0 the equations of motion (25) reduce to the Nambu-Goto equations of motion,
Since we are in the presence of gravitation we must also examine the Einstein equations for l = l 0 . First of all the cross-term Einstein equations
give us :
Hence from (51) when ǫ → 0 we get
and on replacing ψ from (24) it is easy to see that
Hence the correction functions µ and ν are constant when the width parameter ǫ goes to zero.
For the (A, B) and (a, b) Einstein equations the 1/ǫ 2 terms cancel out in the same way as for the Φ-field equations. Indeed we remark that the second order terms are essentially the straight vortex Einstein equations (11) modulo a potential term. As above the potential term will give a term of first order in 1/ǫ which now will cancel out in the ǫ → 0 limit because of (65) and (66). The cancelling of second order terms is hardly surprising since we suppose that our solution expressed in terms of the metric (13) and the field Φ is constructed upon the straight vortex solution and so the leading order terms are just the straight vortex terms. This leaves us with the 1/ǫ terms. In the limit when ǫ → 0 we have found that the correction function ψ is constant and thus the energy-momentum terms of order 1/ǫ are cancelled out. Hence the Einstein equations multiplied by ǫ simply give :
We have that (17) and (18) can be also written
On inserting the above in (38) and (42) the Einstein equations give :
is a coefficient depending uniquely on the polar angle. Now the Nambu-Goto (10) and (11) we see that the function X is always negative except for the flat case which corresponds to the origin. So in the presence of gravitation when the width parameter ǫ → 0 the global string is totally geodesic that is K aAB = 0.
VII Conclusion
In the first part of this work we studied the field and Einstein equations (2), In the second part we consider once more the coupled system of equations (2), (3) with metric (13) at a distance from the centre of the vortex of the order of ǫ = 1/ √ λ the width parameter. By letting the width parameter go to zero which is equivelant to the Higgs mass √ λ going to infinity and by using equation (25) we obtain the equations of motion of the global string. For the class of metrics (13) we find that the presence of gravitation restrains the global string to be totally geodesic. It is only in flat space-time for a global string with no twist (the class of metrics chosen do not contain cross-terms) that the equation of motion is of the Nambu-Goto type. Let us note that in our study of self-gravitating strings, the effects of radiative backreaction are absent, in the limit where the Higgs mass tends to infinity.
The constraint found for a geometrical model of a tube of matter in [9] which permitted the cosmic string to verify strictly a Nambu-Goto equation of motion appears here as the annihilation of the function X given in (39).
We see that X is a function of the straight vortex functions A and B and henceforth is totally determined. By a numerical process we establish a graphic solution of X whose only zero corresponds to flat spacetime (A = 1, B = 1). 
